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Abstract
We study an eective theory of QCD at high density in detail, including the
nite temperature eects and the leading order correction in 1/µ expansion.
We investigate the Cooper pair gap equation and nd that the color-flavor
locking phase is energetically preferred at high density. We also calculate in
the ladder approximation the critical density and the critical temperature for
color-superconducting phase in dense quark matter. The quark-neutrino four-
Fermi coupling and the quark-axion coupling are found to receive signicant
corrections in dense quark matter.
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Eective eld theory is indispensable to describe physical processes at energy lower than
the characteristic scale of theory, especially when the microscopic physics is too complicated
to be used as in the case of chiral perturbation theory [1] or just unknown as in the standard
model. Since eective eld theory has been very useful and successful in explaining the low
energy data, it has now become an everyday language in physics [2,3].
Color superconductivity in cold and dense quark matter [4] has been studied quite in-
tensively in recent years by using eective eld theory methods [5{9]. Most important
ingredient in those studies was the existence of eective four-quark interactions that mimic
the four-fermion interaction generated by phonon exchange in BCS superconductivity, which
are assumed to be generated in the eective Lagrangian either by exchange of massive glu-
ons [8] or by strongly coupled instantons [5,6]. For low density quark matter, where strong
interaction is no longer weak, such four-Fermi interactions may describe QCD at low density
as model interactions, thus leading to color superconducting gap of QCD scale ( QCD).
But, it was recently argued quite convincingly by Son [10] that at least for high density quark
matter, where perturbative QCD is applicable, magnetic gluons are not Debye-screened but
only dynamically screened or Landau damped. Such long-range magnetic gluon interaction
is more important and leads to a bigger Cooper gap,    exp(−const:=gs), than the usual
BCS gap, which is subsequently conrmed by the Schwinger-Dyson analysis for the Cooper
pair gap [11].
Recently, an eective eld theory of QCD at high density [11] is derived systematically
in the power expansion of 1= by integrating out the anti-quarks which are decoupled at low
energy in dense quark matter. In the eective theory, four-quark operators are generated
at the one-loop matching and the electric gluons are screened due to quarks in the Fermi
sea while the magnetic gluons are not at least in perturbation [13,14,10]. At scales below
the electric screening mass, the relevant interactions for quarks are the coupling with mag-
netic gluons and the four-quark interaction with opposite momenta. Both interactions for
quarks in the color anti-triplet channel with opposite momenta are shown to lead to color
superconductivity [11,10].
According to the quark-hadron phase continuity in QCD, conjectured recently by Scha¨fer
and Wilczek [15], the conning phase of nuclear matter at low density is complementary to
the Higgs phase quark matter at high density. We support this conjecture by showing that in
the eective theory, which is equivalent to QCD in the asymptotic density, the color-flavor
locking diquark condensate is energetically more preferred. Furthermore, in the eective
theory, the higher order corrections are systematically calculable and one can easily estimate
quantities like the critical density, which are determined by the sub-leading operators in 1=
expansion.
In this article, we study the eective lagrangian of QCD at high density derived in [11]
in detail, including the higher order corrections in 1= expansion and the nite temperature
eects. We then analyze the Cooper pair gap equation more rigorously. As applications,
we calculate the eect of marginal four-quark operators on the neutrino-quark four-Fermi
coupling and the quark-axion coupling in super-dense quark matter.
2
II. HIGH DENSITY EFFECTIVE THEORY
The idea of eective eld theory is quite simple and its construction can be performed
in a systematic way. First, one identies or guesses the right degrees of freedom to describe
the low energy processes. Then, one integrates out the irrelevant degrees of freedom, which
results in nonlocal interactions. By expanding the nonlocal interactions in powers of mo-
mentum at low energy, one derives a (Wilsonian) eective Lagrangian, which is usually done
in practice by matching all the one light-particle irreducible amplitudes in the full theory
with those amplitudes in the eective theory in loop expansion. Since the higher dimen-
sional operators have smaller eects at low energy, the eective theories provide a very useful
approach to describe low energy physics.
A system of degenerate quarks with a xed baryon number is described by the QCD
Lagrangian density with a chemical potential ,
LQCD =  i 6D − 1
4
F aF
a +   γ0 ; (2.1)
where the covariant derivative D = @ + igsA
a
T
a and we neglect the mass of quarks for
simplicity. The chemical potential is introduced as a Lagrangian multiplier to constrain the
system to have a xed baryon number, NB. At zero temperature, all the states up to the






(pF − j~pj); (2.2)
where V is the volume, Nf the number of quark flavors, and ~pF is the Fermi momentum.
The chemical potential , which denes the energy at the Fermi surface, provides another
scale for QCD. Here we consider a super-dense quark matter where quarks are very dense
so that the average inter-quark distance is much smaller than the characteristic length of
QCD, 1=  1=QCD. For high chemical potential, the pair creation of a particle and an
anti-particle is suppressed at low energy because of the energy gap , provided by the Fermi
sea. Therefore, the relevant degrees of freedom at low energy will be just particles and holes,
excited near the Fermi surface, together with gluons.
We will derive a low energy eective Lagrangian for cold and dense quark matter by
integrating out the high frequency or irrelevant modes, a´ la Wilson, as we run QCD from
high energy E >  to low energy E  QCD . Since QCD is asymptotically free, quarks will
interact weakly at energy E >  ( QCD) and their spectrum will be approximately given
by the free Hamiltonian:
(~  ~p− )  = E ; (2.3)
where ~ = γ0~γ and   denote the energy eigenfunctions with eigenvalues E = −  j~pj,
satisfying ~  ~p  =  j~pj , respectively. At low energy E < , the states  + near the
Fermi surface, j~pj  , are easily excited, while  −, which correspond to the states in the
Dirac sea, are completely decoupled due to the presence of the energy gap  provided by the
Fermi sea. Therefore the right degrees of freedom below  consist of gluons and  + only.
If  = 0, integrating out the high frequency modes in QCD just renormalizes the coupling
constants without generating any new interactions as it should be for a renormalizable
3
theory like QCD. However, when  6= 0, the energy spectra of particles and anti-particles
are asymmetric. Anti-particles (  −), which correspond to the absence of states ( −) in the
Dirac sea, have energy larger than  and will be decoupled at energy scale lower than .
Therefore, the minial quark-gluon coupling that connects  − with  + (or vice versa), has to
be removed at low energy, generating a new interaction among  +. We will see later that
integrating out the modes whose frequency is higher than  results in an eective Lagrangian
which is drastically dierent from QCD.
We now integrate out the antiparticles (  −) or the states ( −) in the Dirac sea to derive
the low energy eective Lagrangian. We rst decompose the quark momentum into the
Fermi momentum and a residual momentum as
p = v + l; (2.4)
where the residual momentum jlj <  and v = (0; ~vF ) with Fermi velocity ~vF . The
magnitude of Fermi velocity, j~vF j  pF=
√
p2F +m
2, will be taken to be unity, for we assume
the quark mass m = 0.
Since we will integrate out the high frequency modes such that we will be left with
excitations only near the Fermi surface at low energy, it is convenient to decompose the




ei~vF ~x (~vF ; x); (2.5)
where





 (~vF ; l)e
−ilx (2.6)
carries the residual momentum l. We introduce projection operators P = (1  ~  ~vF )=2
and dene
 (~vF ; x)  P (~vF ; x): (2.7)
In the limit l=! 0,  −(~vF ; x) corresponds to the states in the Dirac sea and  +(~vF ; x) to
the states above the Dirac sea.
In terms of the new elds, the QCD Lagrangian for quarks at high density becomes
Lquark =  (x)
(







 +(~vF ; x)iγ
0V D +(~vF ; x) +  −(~vF ; x)γ0
(
2+ i V D
)
 −(~vF ; x) (2.8)
+  −(~vF ; x)iγ

?D +(~vF ; x) +  +(~vF ; x)iγ

?D −(~vF ; x)
]
;
1For a given quark momentum, the corresponding Fermi velocity is determined up to
reparametrization; ~vF ! ~vF + δ~l?/µ and ~l ! ~l − δ~l, where δ~l? is a residual momentum per-
pendicular to the Fermi velocity. The implication of this reparametrization invariance will be
studied somewhere else.
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where V  = (1; ~vF ), V
 = (1;−~vF ), γ? = γ−γk with γk = (γ0; ~vF~vF ~γ), and we have used
 +(~vF ; x)γ
 +(~vF ; x) =  +P−γP+ + = V   +γ0 +
 −(~vF ; x)γ −(~vF ; x) =  −P+γP− − = V   −γ0 − (2.9)
 +(~vF ; x)γ
 −(~vF ; x) =  +P−γP− − =  +γ

? −
 −(~vF ; x)γ +(~vF ; x) =  −P+γP− + =  −γ

? +:
In Eq. (2.8) the incoming quark and the outgoing quark have the same Fermi velocity ~vF ,
since, at low energy, the momentum carried away by gluons can be compensated by the
residual momentum of the quarks to conserve the momentum, without changing the Fermi
velocity.
As we can see from Eq. (2.8), the propagation of quarks at high density is 1+1 dimensional
if li?= is negligible. This dimensional reduction at high density can be also seen if we
decompose the quark propagator as following:
iSF (p) =
i









2+ l  V + il0 +O(l
i
?=); (2.10)
where quark momentum p = v+l and the i prescription is chosen such that not only the
anti-particles but also the holes correspond to the negative energy states moving backward
in time. Note also that, if li?=! 0, 1=2 6V γ0 = 1=2(1+~~vF ) is the projection operator that
projects out particles and holes ( +), while 1=2 6 V = 1=2(1−~ ~vF ) projects out the states in
the Dirac sea ( −). Since the excitation of quarks along the perpendicular direction to the
quark velocity does not cost any energy in the leading order, the perpendicular momentum
is a nothing but an index that labels the degeneracy in quark just as the degeneracy in the
Landau level under external constant magnetic eld is labeled by the electron momentum
perpendicular to the external magnetic eld.
At tree-level, integrating out the irrelevant modes  −(~vF ; x) tentamounts to eliminating
 −(~vF ; x) by the equations of motion, given as
 −(~vF ; x) = − iγ
0
2+ i Dk










6D? +(~vF ; x); (2.11)
where Dk = V D and 6D? = γ?D. Plugging Eq. (2.11) into the Lagrangian for quarks























III. ONE-LOOP MATCHING AND A FOUR-FERMI OPERATOR
As we have seen in the previous section, integrating out the irrelevant modes generates
a new coupling between quarks and gluons. This can be also seen diagramatically as shown
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 + 6A?γ0 6A? + +    ; (3.2)
where the ellipsis denotes terms containing more powers of gluons and derivatives. By writing
the interaction in a gauge-invariant fashion, we recover the interaction terms in Eq. (2.12).
The eect of integrating out fast modes not only generates new interactions at low
energy but also gives rise to quantum corrections to the tree-level couplings which can be
calculated explicitly by matching the loop amplitudes. Usually the new interactions arise at
tree-level upon integrating out the fast modes, but sometimes they may arise at quantum
level, especially when they are marginal, as in the low energy eective theory of QED under
external (strong) magnetic eld [17].
As fermions under external elds [17,19], in the presence of a Fermi sea [3] the scaling
dimension of elds at low energy changes due to the change in the particle spectrum; the
scaling dimension of quarks becomes −1=2 instead of −3=2, the canonical scaling dimension
of fermions in 3+1 dimensions. The scaling dimension of elds is determined by the kinetic









 y+(~vF ; l)
(
l0 − vF lk
)




2+ l  V
)
 −(~vF ; l)
]
; (3.3)
where lk  ~vF  ~l is the residual momentum parallel to the Fermi velocity. Under a scale
transformation l0 ! sl0 and lk ! slk with s < 1, the quark elds transform as  +(~vF ; l) !
s−3=2 +(~vF ; l) and  −(~vF ; l) ! s−1 −(~vF ; l). As we scale the momentum toward the Fermi
surface or we decrease s ! 0,  + scales like free massless fermions in (1+1)-dimensions,
while  − scales like heavy fermions in (1+1)-dimensions and becomes irrelevant at low
energy. Since four-Fermi interactions are marginal for (1+1)-dimensional (light) fermions,
we expect that a marginal four-quark operator will arise in the high density eective theory
of QCD by quantum eects if it is absent at the tree-level. To see this, we consider one-loop
matching of a four-quark amplitude for scattering of quarks with opposite Fermi velocities,
shown in Fig. 2, because only when the incoming quarks have opposite Fermi momenta the
four-quark operators are marginal as we scale toward the Fermi surface [3]. Since the eective
theory amplitude is ultra-violet (UV) divergent while the amplitude in full QCD is UV nite
by the power counting, we need a UV counter term for the one-loop matching in the eective
theory, which is nothing but a four-quark operator. The one-loop four-quark amplitude of













































where ~vi’s are the Fermi velocities of incoming and outgoing particles with ~v1 = −~v2, pi =
~vi+ li, γ the Euler number,
∑0 pi  p3+p4−p1−p2, l = l3−l1, and  is the renormalization
point.

































2+ V  (l3 + q)
1








2+ V  (l1 − q)
1




In the limit that the residual momenta li ! 0, we nd I1 = I2, if we rotate the q0 axis into
~vF  ~q axis, and thus the color and Lorentz structures of the amplitudes in both theories are
same. To perform the integration, we take, for convenience, the external residual momenta
























Note that the scattering amplitude AQCD4 is IR divergent as li ! 0, which is the same infrared
divergence of the amplitude in the eective theory, Eq. (3.4), as it should be because the
low energy eective theory is equivalent to the microscopic theory in the infrared limit by
construction. Since both amplitudes have to be same at the matching scale  = , we need
a four-quark operator in the eective theory, given by the dierence of the amplitudes at





















aT b + γγT
bT a
)
 (p2) +O(li=) (3.9)
= hp3; p4j i
∫
d4x L14f jp1; p2i+O(li=);
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aT b (~vF ; x) (3.10)
  y(−~vF ; x)
(
γγT
aT b + γγT
bT a
)
 (−~vF ; x)
]
:
In the modied minimal subtraction, the renormalized four-quark coupling is gren1 = 2
2
s
at the matching scale . It is convenient to rewrite the marginal four-quark operator by
Fierz-transforming the product of gamma matrices and SU(3)C generators in the amplitude
Eq. (3.10). Using (T a)tu (T


































ab + dabcT c
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where i; j; l;m denote the Dirac indices and t; s; u; v the color indices. In the last line,
the color indices in the operator are further arranged to decompose the amplitude into
the irreducible representations of SU(3)C by introducing invariant tensors in color space,
Suv;ts  (utvs + usvt) =
p
2 and Auv;ts  (utvs − usvt) =
p
2.









t (~vF ; x) s(~vF ; x) 
y
v(−~vF ; x) u(−~vF ; x) (3.12)
+hus;tv 
y
t (~vF ; x)γ5 s(~vF ; x) 
y
v(−~vF ; x)γ5 u(−~vF ; x)
]
with gus;tv = g3¯
A
us;tv − g6Sus;tv, hus;tv = h3¯Aus;tv − h6Sus:s;tv. The value of couplings at the
matching scale  are given as g3¯ = 4
p




As discussed in [12{14,16], the quark loop correction to the vacuum polarization tensor
gives rise to color screening in quark-gluon plasma, while the gluon loop renormalizes the
color charge. We rst calculate the vacuum polarization tensor in QCD and then compare
2If we had matched a quark-quark scattering amplitude with momenta not opposite to each other,
we would get similarly a four-quark operator in the eective Lagrangian. But, since it is irrelevant
as we scale toward the Fermi sea, it will not aect the low energy dynamics signicantly.
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it with the one in the eective theory when we perform the one-loop matching for the gluon
two-point amplitude.








(1 + i)p0γ0 − ~p  ~γ + γ0 −m; (4.1)
we nd, performing the integration over p0,



















j~pj2 +m2. We see that this propagator agrees with the one obtained by the
canonical quantization [13] except the overall phase factor due to the shift in the energy by
 to set the energy of the Fermi surface to be zero.
In terms of this full propagator Eq. (4.1), the quark-loop contribution to the one-loop


















(q0 − )(− k0)
q0 − k0 + p0 − i T
(q; k)− (− q0)(k0 − )




q0 + k0 + p0 − iT




where T (q; k) = Tr [γ 6qγ 6k], ~k = ~q + ~p, ~k0 = −~q − ~p, and ~k00 = −~q + ~p.
If we rewrite the step functions as (q0−) = 1−(− q0) and (k0−) = 1−(−k0)
for the last two terms in Eq. (4.4), one can easily see that the quark-loop contribution of the
vacuum polarization tensor consists of two parts, one due to the matter and the other due






abvac is the quark-loop contribution














q0 + k0 + p0 − i −
T (q; k00)
−q0 − k0 + p0 + i
]
; (4.5)
where Nf is the number of light quark flavors. For jpj  , the matter part of the vacuum










(−2~p  ~vFV V 
p  V + i~p  ~vF + g
 − V




which is transversal, p

abmat(p) = 0 [13].
Now, we calculate the quark contribution to the one-loop vacuum polarization tensor in
the eective theory. Quarks in the (high density) eective theory are almost on-shell at low
9
energy and the quarks current, which consists of positive energy states, is proportional to
its velocity, V  = (1; ~vF ):
Ja(x) ∑
~vF
 +(~vF ; x)γ
T a +(~vF ; x) =
∑
~vF
V  +(~vF ; x)γ
0T a (~vF ; x); (4.7)
where we used P+ +(~vF ; x) =  +(~vF ; x) and P−γP+ = P−γ0V . Therefore, the gluons
transversal to the quark velocity is decoupled at low energy and the gluons longitudinal to





 +(~vF ; x)γ
0T a +(~vF ; x) V  A(x): (4.8)
Therefore, in the leading order in 1= expansion, the quark-gluon coupling does not involve
the spin of quark like a scalar coupling. For a given quark moving nearly at a Fermi velocity
~vF , only one component of gluons, namely A0−~vF  ~A combination, couples to the quark in
the leading order.
With the quark current given in Eq. (4.7), we obtain the quark-loop contribution to the
vacuum polarization in the eective theory as






















6 qk + iγ
0 i








1− (p0 + ~p  ~vF )2
p2k
M2; (4.10)
where pk = (p
0; ~vF~vF ~p). We note that the quark-loop contribution to the vacuum polariza-
tion tensor in the eective theory is exactly same as the sum of the rst and second terms
in the QCD vacuum polarization, Eq. (4.4). This is what it should be, since the eective
theory does reproduce the contribution by quarks and holes in QCD when the external gluon
momentum p! 0. The third and fourth terms in Eq. (4.4), due to the quark and anti-quark
pair creation, is absent in the eective theory because the anti-quarks are integrated out.
The eect of anti-quarks will be taken into account when we match the gluon two-point
amplitudes.
To match the gluon two-point amplitudes in both theories, we therefore need to add a









which also ensures the gauge invariance of the eective Lagrangian at one-loop. The static
screening mass can be read o from the vacuum polarization tensor in the limit p0 ! 0,
which is in the eective theory
ab (p0 ! 0; ~p) ’ −iM2ab00; (4.12)
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the electric gluons, Aa0, have a screening mass, M , but the static magnetic gluons are not
screened at one-loop due to the added term Eq. (4.11), which holds at all orders in pertur-
bation as in the nite temperature [16,20].
Finally, by matching the quark two-point amplitudes, we get a one-loop low-energy















(1 + c1) 









 yt (~vF ; x) s(~vF ; x) 
y







 yt (~vF ; x)γ5 s(~vF ; x) 
y
v(−~vF ; x)γ5 u(−~vF ; x)
]
+    ;
where the summation over ~vF is suppressed and the coecients a1; b1; c1 are dimensionless
and of order s(). The ellipsis denotes the irrelevant four-quark operators and terms with
more external elds and derivatives.
V. RG ANALYSIS AND GAP EQUATION
As we scale further down, the eective four-quark operators will evolve together with
other operators, which can be seen by further integrating out the high frequency modes,
s < jlj < . The scale dependence of the four-quark operators has three pieces. One is
from the one-loop matching condition for the four-quark amplitudes and the other two are
from the loop corrections to the four-quark operators. Putting all contribution together, we











where i = (6; 3), g6 = −g6, g3¯ = g3¯ and γi = (
p
2=9)(13=4; 1=2) and i = (−1; 2). Since
in the high density limit the quark-gluon coupling is (1+1)-dimensional, the quarks do not
contribute to the running of the strong coupling. The one-loop  function for the strong
coupling constant at high density is (s) = −11=(2)2s.












s() ln s (5.2)













f 2i − fi + ai
)
: (5.4)
Integrating Eq. (5.4), we get
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fi(t) =
C2(fi(0)− C1)(1 + t)−(C1−C2) − C1(fi(0)− C2)
(fi(0)− C1)(1 + t)−(C1−C2) − (fi(0)− C2) ; (5.5)
where C1 = (1 +
p
1− 4ai)=2 = 1 − C2 and fi(0) = (gi() +  ln 2is()=6) =(22s()).
Since ai  1, we take C1 ’ 1, C2  1. And also, for   QCD, fi(0) ’ i ln 2=(132)  1.












At a scale much less than the chemical potential,   , g6() ’ 0:29s() and g3¯() ’
0:04s(). Similarly for hi, γi = (
p
2=2)(2; 1) and i = (−1; 2) and we get h6() = 0:81s()
and h3¯() ’ 0:4s().
At a scale below the screening mass, we further integrate out the electric gluons, which
will generate four-quark interactions. For quarks moving with opposite Fermi momenta, the







 γ0Ta (~vF ; x)  γ0Ta (−~vF ; x): (5.7)
Using T atuT
a
vs = 1=2tsuv − 1=6tuvs, we nd that the four-quark couplings are shifted
as g3¯(M) ! g3¯(M) + 2
p
2g2s(M)=3 ’ 0:95g2s(M) and g6(M) ! g6(M) +
p
2g2s(M)=3 ’
0:49g2s(M), while hi’s are unchanged since Eq. (5.7) does not involve γ5.
As we approach further to the Fermi surface, closer than the screening mass M , the four-
quark operators in the color anti-triplet channel become stronger, because the  function
for the attractive four-quark operators is negative, (g3¯) = −g23¯=(42). If the four-quark
interaction is dominant at low energy, it leads to vacuum instability in the infrared region
by forming a color anti-triplet condensate or Cooper pair, But, since the long-range color-
magnetic interactions also become strong at low energy, we need to consider both interactions
to determine the Cooper-pair gap.
Since both relevant interactions are attractive for a pair of quarks in color anti-triplet
channel with opposite Fermi momenta, they may lead to condensates of quark pairs in
color anti-triplet channel. To describe the Cooper-pair gap equation, we introduce a charge
conjugate eld,
( c) = C
 (x); (5.8)
where  and  are Dirac indices and the matrix C satises C−1γC = −γT . Then, we can
write the inverse propagator for Ψ(~vF ; x)  ( (~vF ; x);  c(−~vF ; x))T as
S−1(~vF ; l) = γ0
(
Z(lk)l  V (lk)
(lk) Z(lk)l  V
)
; (5.9)
where Z(lk) is the wave function renormalization constant and (lk) is the Cooper pair gap.
Schwinger-Dyson equations are innitely coupled integral equations for Green functions. In
order to solve the equations, we need to truncate them consistently. Since gs(M) is still
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weak at high density M  QCD, one can use the ladder approximation which is basically
the weak coupling expansion of the Schwinger-Dyson equations. For the leading order in the
ladder approximation, we use a bare vertex and a bare gluon propagator, which is consistent
with the Ward-Takahashi identity. Another gauge-invarinat truncation is so-called hard-
density loop (HDL) resummation which can be derived gauge invariantly from the transport
equation [13] as in the nite temperature [21]. When the gluon momentum is of order of
the screening mass M  gs, the quark one-loop vacuum polarization is also same order as
we can see from Eq. (4.10). Therefore, if the important momentum scale of the diagrams
is of order of M , one needs to re-sum all the bubble diagrams to get the consistent gluon
propagator. But, it is unclear that the gluon momentum of order of M is important in
the gap equation. In fact, as we will see later, the generation of gap is due to the infrared
divergence in the quark propagator, and thus the loop momentum of the size of the gap
is important. Since we are unable to consistently resum all the diagrams which are as
important as tree diagrams for external momenta of the gap size, we content ourselves with
the ladder approximation in the analysis.
In the ladder approximation, the Schwinger-Dyson equations for the quark propagator
are given as, neglecting small hi four-Fermi couplings,[
Z(pk)− 1
]
































where we have used the bare gluon propagator in the Feynman gauge and the bare vertex.
In the leading order in the ladder approximation, we may take Z(pk) ’ 1.
A diquark Cooper-pair can be decomposed into color anti-triplet and color sextet. But,
since quarks of opposite momenta are attractive in the anti-triplet channel while repulsive in
the sextet channel, without loss of generality, we can write the Cooper-pair gap in color anti-
triplet. Since quarks are anti-commuting, the only possible way to form diquark (S-wave)








where a; b; c = 1; 2; 3 are color indices, ; ; γ = 1; 2;    ; Nf flavor indices, and i; j = 1; 2
SL(2; C) indices. Indices in the bracket and in the curled bracket are anti-symmetrized and
symmetrized, respectively.
Since the gluons are flavor blind and the gluon exchange interaction in the eective
theory does not change the spin of quarks, the solution to the gap equation by one-gluon
exchange interaction does not distinguish the spin states and the flavor quantum number of
the condensate. But, the four-Fermi interaction in the eective Lagrangian Eq. (4.13) does
prefer energetically the spin zero condensate, since the coupling of the axial-scalar axial-
scalar four-Fermi interaction is positive. To see this, let us rewrite quarks in the basis of
handedness;
 (~vF ; x) =  L(~vF ; x) +  R(~vF ; x): (5.13)







 yLt(~vF ; x) Ls(~vF ; x) 
y








 yLt(~vF ; x) Ls(~vF ; x) 
y
Rv(−~vF ; x) Ru(−~vF ; x) + (L$ R)
]
:
We see that the LL (or RR) four-Fermi coupling is bigger than LR four-Fermi coupling.
Therefore, the spin zero Cooper pair gap will be bigger than the spin one gap and thus
it is energetically more preferred. When Nf = 3, the anti-symmetric second-rank tensor




Using the global color symmetry and the flavor symmetry, one can always diagonalize the




Therefore, the spin zero condensate for Nf = 3 corresponds to the color-flavor locking con-
densate, predicted in [7]. In the eective theory, we nd that the four-Fermi interaction,
generated by integrating out the anti-quarks, lifts the spin degeneracy in the color anti-triplet
condensate formed by the magnetic gluon exchange interaction, preferring to the spin sin-
glet, which proves the prediction [7] that the color-flavor locking condensate is energetically
preferred in the high density limit, since in that limit the eective theory is equivalent to
QCD.
With this in mind, we solve the gap equation, neglecting hi couplings. Since then the





where u; t = 1; 2 are color indices and we have chosen the gap to lie in the third direction in








































where we used for the (magnetic) gluon propagator viFD
ij(p)(−vjF ) = 1=p2 in the Feynman
gauge and in the second line we integrated over l? with the UV cut-o . Henceforth, we
will denote p =
∣∣∣pk∣∣∣ and l = ∣∣∣lk∣∣∣. After dierentiating Eq. (5.18) with respect to p, we













Multiplying by p and dierentiating once again, we obtain a second order dierential equa-
tions for the gap function, m(p):
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where s is the ne structure constant of strong interaction. The infrared boundary condi-
tions for the dierential equation is given by Eq. (5.19) as
lim
p!0 pm
0(p) = 0: (5.22)
As analyzed in [18], the gap equation has a (stable) solution for any value of r, or s() at
the cuto scale, and the critical value for Cooper pair formation is zero, which is due to the
fact that the excitation of quarks in the eective theory is 1+1 dimensional and the critical
coupling in 1+1 dimensions is zero.
Once the existence of the nontrivial solution to the gap equation is established, one has
to check whether the solution is energetically preferred, which is usually done by calculating
the vacuum energy for the fermion bilinear condensate [22]. The vacuum energy in the
leading order in the ladder approximation is given as












  V (0); (5.23)
which shows that the nontrivial solution has lower energy than the trivial solution, m = 0.
The size of the gap can be estimated by approximating the gap as a constant for all pk,
m(pk) ’ , in the gap equation Eq. (5.18), which is a good approximation because for large
p the gap decreases rapidly and for small momenta, 0  p  (0), which dominates the







































For 2  2, we may neglect the second term in Eq. (5.24) and get








which agrees with the result in [10] except the prefactor and the numerical factor in the ex-
ponent. It is quite important to accurately determine the numerical factor in the exponent,
because a small error in the exponent makes a big error in the size of the gap, which is a cru-
cial quantity determining the properties of quark matter. The discrepancy in the exponent
between two analysis is less than 4%, which is acceptable, considering the approximations
made in both analysis and the fact that solutions to the gap equation depend on the gauge,
which directly aects the exponent about same amount.
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VI. TEMPERATURE EFFECTS AND HIGHER ORDER CORRECTIONS
When the quark matter is not very dense and not very cold, we need to study the eects
of nite temperature and density by decreasing  and increasing T . First, we add the 1=
corrections to the gap equation Eq. (5.18) to see how the formation of Cooper pair changes.
As derived in [11], the leading 1= corrections to the quark-gluon interactions are


















In the ladder approximation, the loop correction to the vertex is neglected and the quark-
gluon vertex is shifted by the 1= correction as


















































































Therefore, we see that, when  < c ’ e4, the gap due to the long-range color magnetic
interaction disappears. Since the phase transition for color superconducting phase is believed
to be of rst order [23,24], we may assume that the gap has the same dependence on
the chemical potential  as the leading order. Then, the critical density for the color










Therefore, if the strong interaction coupling is too strong at the scale of the chemical po-
tential, the gap does not form. To form the Cooper pair gap, the strong coupling at the
scale of the chemical potential has to be smaller than gs(c) = 
p
3. By using the one-
loop  function for three light flavors, (gs) = −9=(162)g3s , and the experimental value
for the strong coupling constant, s(1:73GeV) = 0:32
+0:031
−0:053(exp)  0:016(theo) [25], we get
0:15GeV < c < 0:35GeV, which is about the same order as the one estimated by the instan-
ton induced four-Fermi interaction [24,26] or by general eective four-Fermi interaction [23].
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But, this should be taken as an order of magnitude, since for such a small chemical potential
the higher order terms in 1= expansion, which we have neglected, are as important as the
leading term.
So far we have not included the temperature eect in analyzing the gap. The temperature
eect is quite important to understand the heavy ion collision or the nal stage of the
evolution of giant stars because quarks will have to have high energy to bring together to
form a super dense matter. The super dense and hot quark matter will go through a phase
transition as it cools down by emitting weakly interacting particles like neutrinos.
At nite temperature, T , the gap equation (5.19) becomes, following the imaginary-time
formalism developed by Matsubara [27],

























where !n = T (2n + 1). As in the gap equation at zero temperature, we use the constant
(but temperature-dependent) mass approximation for the gap; m(!n; l) ’ m(T ) for all n






























[(T )2 + l2? −m2(T )]2 + (2T )2 [l2 +m2(T )]


























































which shows that the critical temperature is about the same order as the gap,  [4,28].
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VII. APPLICATIONS
It is believed that the core of compact stars like neutron stars may be dense enough
to form quark matter and may shed some lights on understanding QCD at high density.
The properties of compact stars can be investigated by studying the emission of weakly
interacting particles like neutrinos or axions, which is the dominant cooling process of the
compact stars [29,30]. Since the emission rate depends on the couplings of those particles,
it is important to understand how the interaction and the coupling of neutrinos or axions
change in dense quark matter.
Neutrinos interact with quarks by the exchange of neutral currents, which is described,





where GF = 1:166 10−5 GeV−2 is the Fermi constant. Again, by decomposing the quark





 y+L(~vF ; x) +L(~vF ; x)L(x)V= L(x) +    ; (7.2)
where the ellipsis denotes the higher order terms in the power expansion of 1=. Since the
four-fermion interaction of quarks with opposite momenta gets enhanced a lot at low energy,
as we have seen in the previous section (Sec. V), it may have signicant corrections to the
couplings of those weakly interacting particles to quarks. We rst calculate the one-loop
correction to the neutrino-quark four-Fermi coupling by the marginal four-quark interaction:
Lq = GFp
2







 (~v0F ; y)γ










 y+L(~vF ; x) +L(~vF ; x)L(x) V  γL(x);
where ~vF and ~v
0
F are summed over and g3¯ is the value of the marginal four-quark coupling
at the screening mass scale M . Now, in fact, because of the kinematical constraint due to
the presence of the Fermi surface, only the cactus diagrams, shown in Fig. 3, contribute to

















 y+L(~vF ; x) +L(~vF ; x)L(x)~vF  ~γL(x)
]
:






where a is the axion eld and fPQ is the axion decay constant, we nd the correction to the








 y+(~vF ; x)γ5 +(~vF ; x)−
g3¯~vF  ~ra
2 + g3¯
 y+(~vF ; x)γ5 +(~vF ; x)
 :
Therefore, as the marginal four-quark coupling approaches 2, the quark-neutrino and
quark-axion couplings become divergent. Since at low energy g3¯ is quite large in dense quark
matter, we argue that quark matter will produce neutrinos or axions copiously if the density
of quark matter is high enough (  QCD) such that the marginal four-quark interaction
gets enhanced suciently.
VIII. CONCLUSION
We have studied in detail an eective eld theory of QCD at high density, constructed by
integrating out the anti-quarks to describe the low energy dynamics of dense quark matter.
In the eective theory, the dynamics of quarks is eective (1+1)-dimensional; the excitations
perpendicular to the quark Fermi velocity is suppressed by 1=. At energy lower than the
screening mass of electric gluons, the relevant interactions are four-Fermi interactions with
opposite incoming momenta and the coupling with magnetic gluons.
Because of the dimensional reduction at high density, both four-Fermi interaction and
magnetic gluon exchange interaction lead to Cooper-pair condensate of quarks in color anti-
triplet channel for arbitrarily weak coupling. In the ladder approximation, the gap formed
by the magnetic gluon exchange interaction is much bigger than the one by four-Fermi in-
teraction. The color-flavor locking condensate is found to be energetically more preferred
for high density quark matter with three light flavors, because the color-flavor locking gap
is bigger than the spin one gap, if we include the four-Fermi interactions. Further, including
the 1= corrections and the temperature eects, the critical density and the critical temper-
ature for color superconducting phase are estimated by solving the gap equation in ladder
approximation.
Finally, we have calculated the corrections to the quark-neutrino four-Fermi interaction
and to the quark-axion coupling in dense quark matter due to the marginal four-quark
interaction. And we found the correction is quite signicant and thus dense quark matter
will copiously produce neutrinos and axions.
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FIGURES
FIG. 1. The tree-level matching condition. Wiggly lines denote gluons; solid lines, states near
the Fermi surface; and double solid line, states in the Dirac sea.









FIG. 3. The corrections to the quark-neutrino four-Fermi coupling.
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